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Abstract 

Z2-gradings of Clifford algebras are reviewed and we shall be concerned with an a-grading based on 
the structure of inner automorphisms, which is closely related to the spacetime splitting, if we consider the 
standard conjugation map automorphism by an arbitrary, but fixed, splitting vector. After briefly sketching 
the orthogonal and parallel components of products of differential forms, where we introduce the parallel 
[orthogonal] part as the space [time] component, we provide a detailed exposition of the Dirac operator 
splitting and we show how the differential operator parallel and orthogonal components are related to the 
Lie derivative along the splitting vector and the angular momentum splitting bivector. We also introduce 
multivectorial-induced a-gradings and present the Dirac equation in terms of the spacetime splitting, where 
the Dirac spinor field is shown to be a direct sum of two quaternions. We point out some possible physical 
applications of the formalism developed. 
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1 Introduction 

The class of Z2-gradings have a paramount importance in the investigations concerning, 
e.g., generalized A^-extended super symmetries, since this formalism needs a graded Lie 
algebra to be constructed. On the other hand, the relationship between spacetime splitting 
and Physics have been investigated in an wide context, e.g., Arnowitt-Deser-Ivlisner (ADIVI) 
formalism |Tj, and the splitting of the group SL(2,0) into the Lorentz group SL(2,C). The 
main purpose of this paper is to give a complete characterization concerning splitting in 
Clifford algebra, with the purpose of using Z2-gradings in order to implement spacetime 
splittings in Clifford algebras, and to apply this formalism in order to obtain the most 
general form of Dirac equation from the inner automorphic a-grading viewpoint. 
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After presenting algebraic preliminaries on Clifford algebras in Sec. Q, we revisit in 
Sec. the formalism of Z2-gradings of Clifford algebras In Sec. spacetime 

splitting naturally arises from the inner automorphism framework via a particular chosen 
a-grading, where we show some properties of the orthogonal [temporal] and parallel [spa- 
tial] components of the Clifford product. After presenting the metric splitting in Sec. (5), 
in Sec. © the splitting of the dual Hodge star operator is studied, and in Sec. the 
Dirac operator is investigated from the point of view of the parallel and orthogonal com- 
ponents of differential and codifferential operators. We show how these components are 
related to the Lie derivative along the 1-form field n and to the angular momentum 2-form 
field. Besides, we completely investigate decompositions of the codifferential operator and 
also of the Hodge dual operator in terms of the proposed a-grading. In Sees. (jSJ and (jUJ 
the covariant and Lie derivatives associated with the differential and codifferential oper- 
ators are respectively derived in the context of the inner automorphic a-grading. In Sec. 
()1U[) we exhibit a dual equivalent inner automorphic a-grading. Relatively to the given 
a-grading a{ip) = ntpn~^, responsible for the spacetime splitting in successive space-like 
manifold slices which are orthogonal to an observer worldline, there exists an equivalent 
dual decomposition in terms of the volume element associated with the a-even subalgebra. 
The Dirac operator is calculated in each one of these two equivalent dual splittings. In 
Sec. multivectorial inner automorphisms are introduced, generalizing the (l-)vetorial 
inner automorphisms presented, and we also exhibit all possible splittings of elements in 
C^i_3. Finally in Sec. (|12|) Dirac equation splitting is presented in a straightforward man- 
ner. After briefiy revisiting Hestenes approach of Dirac theory |31 E] — where the usual 
even/odd splitting is used to perform spacetime splittings (called projective splitting) — 
the Dirac equation associated with any a-grading PT] is investigated for 1-form fields 
n = n(x), from the a-grading a{ip) = nipn~^ viewpoint. We show that the spinor field 
satisfying Dirac equation is described by the sum of two quaternions, besides writing Dirac 
equation in this context. We compare our result with the previous results in the literature, 
based on the a-gradings induced by standard, chiral (Weyl) and Majorana idempotents 
representations of C O Cii^s in A4(4, C) 



2 Preliminaries 

Let F be a finite n-dimensional real vector space. We consider the tensor algebra 
0^qT*(F) from which we restrict our attention to the space A{V) = 0^=0 ^^(^) °^ 
multivectors over V. A^{V) denotes the space of the antisymmetric A;-tensors, isomorphic 
to the k-foims. Given ip S A{V), ip denotes the reversion, an algebra antiautomorphism 
given by = {[k] denotes the integer part of k). ■0 denotes the main auto- 

morphism or graded involution, given hy tp = (— The conjugation is defined as the 
reversion followed by the main automorphism. If V is endowed with a non-degenerate, 
symmetric, bilinear map g : V x y — > M, it is possible to extend g to A{V). Given 
■0 = ui A • • • A Ufc and = vi A • • • A v;, Uj, Vj G V, one defines g{^, (f) = det(g((uj, Vj)) if 
k = / and g{ilj, (j)) = Q\ik ^ I. Finally, the projection of a multivector ifj = V'o+^i+" " ■+'4^ni 
ipk £ A'^(F), on its p- vector part is given by (-0)^ = ipp- The Clifford product between 



w E y and ip G is given by wtp = w A V' + wj^. The Grassmann algebra {A{V),g) 

endowed with the Chfford product is denoted by Ci{V,g) or Cip^g, the Chfford algebra 
associated with V ~ M^''^, p + q = n. In what follows M, C and EI denote respectively the 
real, complex and quaternionic (scalar) fields. 

3 a-projections 

A vector space V is said to be graded by an abelian group G if it is expressible as a 
direct sum V = 0^ Vi of subspaces labeled by elements i £ G. We say that the Clifford 
algebra Ci{V,g) is graded by G if its underlying vector space is a G-graded vector space 
and its product satisfies deg(a6) = deg(a) + deg(6). Heretofore we consider G = Z2. The 
usualZ2-gradingofC£(y,5) is gwenhy Ci{V, g) = Ci+{V, g)®Ci- {V, g), where Ci+^-\V, g) 
denotes the sum of all the even (odd) /c-vectors. An arbitrary Z2-grading of C£{V,g) is 
given [n] by C£(V,g) = do C£i, where the subspaces C£i,i = 0,1, satisfy C£iC£j C 

j(mod2)- To each decomposition there is an associated vector space automorphism 
Q : C£(y,g) — > C£{y,g) defined by ajc^ = (— l)*idc£. . The projections tTj on C£i are given 
by 

7^^{^) = \{^ + {-lyam. (1) 

In the sequel we denote 7rj(V') = ipi- An element that belongs to C£q (C£i) is called a-even 
(a-odd). With respect to the usual Z2-grading, C£o = C£p^g, C£i = C£pg and the grading 
automorphism is given by ( ). 

4 Spacetime splitting via inner automorphic a-gradings 

A vector space endowed with a constant signature (p, q) metric, isomorphic to MP''^, 
can be identified in a point x S M as the space T^M tangent to M in this point, where 
M is a manifold locally diffeomorphic to the (local) foliation M x S of M. There always 
exist a 1-form time-like field n, normal to S, i.e., "n? = g{n,n) > and g{n,-v) = 0, for 
all V E T^T, m. We denote the metric in X^M ~ MP'<? by g : secT^M x sec T^M M. 
The time-like 1-form field n € T*M can be locally interpreted as being cotangent to the 
worldline of observer families, i.e., the dual reference frame relative velocity associated 
with such observers. 

The even subalgebra C£^q of C£p^q, associated with the graded involution is defined as 
C£^g = {^p £ Cip^q I a{ip) := ijj = ijj} and here we define the inner automorphic a-grading 

a{ip) = n'il)n~^ (2) 

From eq.(j21) it can be seen that the inner automorphism a is invariant under dilations 
of n, and without loss of generality it is possible to consider 1-forms n of unitary norm 
■n? = 1. Eq.Q is then written as a(V') = nifju. Such a-grading is used until Sec. @. 

^It can be proved that a is also an algebra isomorphism. 



Given e'^ G T*M, it is well known that n can be obtained via a Lorentz transformation 
L from the formula n{x) = L{x)e^L{x), where L is an element of the group^ Spin+(1,3), 
in the particular case of Cii^^. In the more general case L G Spin+(p, g), a frame {ep} is 
said to be adapted to the observer if the following conditions hold: 

i) n = LbqL, 

ii) n«(ep) = 0, 

iii) {cp} spans the local spacetime related to n. 

Note that the automorphisms ip and a{ip) commute, which can be illustrated by the 
following diagram: 



Cf „ Cf > CP ^ Cf ^ 

Indeed, 

a{'ip) = ntpn"^ = ntl^n^^ = a(V')- (3) 
Among the vast possibilities to introduce subspaces of Cip^q, we define 

al^ = {i; eC£p^g\a{i;) =nipn = ^}, C^^^ = {V' G C^p.g | a(V) = n^n = -V'} (4) 

where Cip^q denotes the a-even (spatial) component of Cip^q, while C£^^ denotes the a-odd 
(temporal) component of Cip^q, which is shown to be a Z2-graded algebra with respect to 
the inner automorphism given by eq.©. Indeed, given tpp (p^^ G C£j,^q and ipj_, (f)x_ G Clp q, 
we have 



9' 



ml)\\4)i_n = -V'll'All e Cip^q, 
nip±(l)±n = = V'li'All e C^ig (5) 

The graded involution of Ci^^q is the same of Cip^q. The projectors 7r||,7r_L, defined by 
relations ^ ^ 

■^li(V') = 2('^ + '^V'"-), 7r_L(-(/') = -(■0 - ■ra^"-) (6) 



can be written as 



'''"II (V') = n ■ (n A ip) = {ip A n) ■ n = ip — n A {n ■ 

'^±ifp) = n A {n ■ Tp) = (ip • n) A n, (7) 



^The group Spin+(p, g) is defined as being the group constituted by a product of an even number of 
unitary norm vectors in R'''''. 



from which fohows the relations n • = 0, n A ip± = 0. Expressions in eq.Q have a 
full geometric motivation, since given u, v G W''' it follows that 



vuu 



— • u + V A u)u = (v • u)u + (v A u) • u ^ 



= V|| + (8) 
The relations 

'(/'II = -7r||('i/'||), -i/^x = 1T±{'lp±), TT\\TT± = Vr^VTll = 0, 

vrjj = 7r||, 7r5_ = 7t± and tt± + 7r|| = 1 (9) 

show explicitly that the operators in eq.((7j) are indeed projector operators. The convention 

used asserts that V'n [ip±] represents the spatial [temporal] component oi £ Cip^q. 
The identities 

ip^^n = nipp ip^n = —nip^, nipn = — ip± (10) 

holds and shall be useful in what follows. 

From eqs.(jni) we see that Cll^qCll^q ^ Cl^^q, Cip^qClp g ^ and C£p qC£p q ^ Clp^q. 
The Clifford product between two multivectors ijjjcj) £ C^p,q is given by 

(pi; = (011 + <))±){'tp\\ + = <))\\ip\\ + </)±V'± + 4'\\Tp± + 4>±'>P\\ (11) 

where the parallel and orthogonal components of the Clifford product (pip are respectively 
given by: 

{<f>4^)\\ = </)||V^|| + <f>±i^± e Cilq, {H)^ = (/-iiV^x + (t>±i'\\ e U^,q (12) 

Then we have 

(vA</.)|| = ^(v0 + 0v)|| 

= V|| A + v_L A (/)_L (13) 

But relations v_l f\(j)±_ = n A {n ■ v) A n A {n ■ (p±) =0 follow from n An = 0. Therefore, 

(vA0)|| = V|| A</.||. (14) 

Analogously it is immediate to see that 

(v A 0)_L = v_L A (/-ii + V|| A (/>_L (15) 

5 Metric projections 

In order to express the metric gl = (7" : T-^S x T^Tj ^ M in each point of the spatial 
manifold S, locally given by g^^{v,u) = vy • uy, the spatial component g^^ of the spacetime 
metric g : TxM x TxM ^ M is obtained from the expression 

V||U|| = — (v — nvn)(u — nun) 
I 

= — (vu — vnun — nvnu + nvn^un). (16) 



But using vn = 2v • n — nv (similarly for u) , it follows that 

gll(u,v) = c/(u, v) - (v • n)(u • n). (17) 

If a local reference frame in TxM ~ W'"^ is adopted, it is possible to express n = n^Gfi, v = 
v^e^,\i = u^e^, and from ea. ((T7)) it follows that 

gl, = h^.u^'v^ (18) 

where h^y = g^^ — n^riu- Then we have 

gll = hf,^e^' (E)e'' = {g^^ - n^nt.)e^ , 

= nij^n^ei^ e" . (19) 

6 Decomposition of dual Hodge star operator 

We denote pseudoscalars associated with C£p^q and C£p^g respectively by E sec A'p~^'^{T*M) 
and r E sec AP"'"''~-'^(T*M). From the orientation of Cip^g the orientation in C£p^g is defined 
as 

T :=n-rj (20) 
or equivalently, r] = n At. Ea. (|2U|) can also be written as 

T = nr] (21) 

and therefore relations 

nr = fn and t) = —nf = —rn (22) 

immediately follow, since r E cSl^g. 

The dual Hodge star operator (DHSO) is defined in C£\^g as 

*il "^11 ~ '^11 ■ ~ '^11 ■ ' 

= -ri-(vi|-r?) (23) 

From eqs.IZI), expressions vy • 77 = v • 77 — [n A (n • v)] • r/ follows, and also 

n ■ (v|| • 77) = n • (*v) (24) 

from which we conclude, using eas. H23() and ()24() . that *||V|| = —n ■ (*v). We can also 

write *||V|| = — n • (*v)_l since n ■ (*v)|| = 0. But n A (*v)_l = and then the relation 
~ ~^(*v)j_ implies that 

(*v)x = -n(*l|V|,) (25) 

In the particular case of spacetime algebra Cii^s where the a-grading is given by the graded 
involution, it is well known that Ci\ 3 ~ Cis^, and in the case of the a-grading given by 

eq.((3) the a-even subalgebra of C^i,3 is given by Ci\ 3 ~ C£o,3 ^ H © H. More details are 
to be furnished in Sec. dJ. 



For multivectors ip S C^p,q it follows that 

*|| V'll = n • (V^ii • T]) (26) 
Taking again the expression = ip — n A (n ■ ^) we can express 

■011 = -kip — [{n ■ iIj) A n] ■ 7] (27) 

Therefore n- {ip ■ rf) = n ■ {-kip) and we can finally write from ea. H26() that = ^ " (*V') 
and using the properties n • ( )|| = and n A ( )_l = we obtain 

★II ^11 = n{*ip)± (28) 

from where it follows that {*tp)± = n(*||-i/'||) and 

★II ^11 = n- {^tp) (29) 

Also, 

*ll {n ■ ip) = {n ■ tp) ■ T 

= ^±-V (30) 

and therefore 

*l|(n-V) =*(V'±) (31) 

We now prove a similar expression for the parallel component {•kip)\\ of -kip. According 
to relation ip± = ■^{ip — nipn) we can obviously write 

ip± ■ rf = '^{'4' ~ nipn) ■ (32) 
Given ipk € secA^(ra;M), it follows that 

(nipkn) • rj = {nipknr])n-k = -{nipk'nn)n-k 



-n{ipk ■ v)n, (33) 



and from expression 



ip±-rj = ^[{ip -v) + n{ip ■ r])n] 



= (v;-7?)|| = (*v)ii (34) 

the relation 

(*V)|| =*(^±) =*||('^-^) (35) 

holds. 



7 Dirac operator splitting 



Consider the Clifford fiber bundle over the manifold M, denoted by Ci{M,g) := 
\J^^j^^Ci{TxM,gx). Given n G sec T*M, the local decomposition M = I xH where / is a 
interval of R, can be obtained if and only if nf\dn = 0, from Frobenius theorem. The Dirac 
operator is denoted by d, and the differential d = dA : sec A'^(T^M) sec A''~^^{T*M) and 
codifferential 6 = -d- : sec A'^+^(r^M) secA''{T*M) operators are defined in C£{M,g) 
in terms of the Dirac operator. In what follows we find expression for the components 
dpd±,S\\ and S± and consequently, for d\\,d±. Prom relations (■^ A^)|| = -011 A^n we have 

(V'A./)!!)!! = V|| A0II and (^^ A = 0, (36) 

and from expression 

(V' A 0)± = ^11 A + (V'x A 0|| ) II (37) 

it is immediate that 

(V'A(/)||)± = V|| A0||, {tp A(j)±)±=tjj\\A(j)± (38) 

We define the parallel dy and orthogonal d± components of the differential operator d, 
from the following expressions 

dyV'ii = {dip\\)\\, d\\ip± = {d'tp±)±, d±ilj\\ = (#||)±, d±il;± = 0, (39) 

from where we obtain 

d\\^\\ = {diplOw 

= n-{nAdip\\), (40) 

d±ip\\ = {dtp\\)± = n A (n • di/j^) 

= n A £nip\\ (41) 

and 

d±ip± = {dip±)\\ = n ■ {n A dip±) 

= n ■ {n A d[n A {n ■ 

= (42) 



Also, the relation 



d\\ip± = {d'4>±)± = n A (n • dtjj^) 

= n A {n ■ [dn A {n ■ tp) — n A d{n ■ ip)]} 

= —{n- dn) A 'ip± — n Ad\\{n ■ ip) 

= n A {£nn) A {n ■ 2p) — n A d\\{n ■ 2p) (43) 



is immediately derived. Now, define the multiform field G secA(r^M) as 

= nd^n = -{d^n)n (44) 

We can show that fi^u G sec A^(r^M), since n ■ d^n = and n? = 1. It is well known that 
the commutator computed between a multivector and a bivector preserves the grading of 
the later, and we have 

= -(5^n) • (nA^fe) - (5^n) A (n- Vfc) (45) 

Therefore 

= n A {d^n ■ + n- {d/j^n A ip) (46) 
where we used the relation n • dfj,n = 0. The commutator between fi^u and f/'n is given by 

^[J^^,V'||] = -(a^n)-(nAV||)-(5,in)A(n-V||) 
= nA(5^7T,-^||) 

= -nA(n-5^V||) (47) 

where the identity d^n ■ = —n • c^/iV'|| follows from relation n • V'n = 0. We also get the 
result 

-[n^,V||] = -(5^^||)± (48) 
since n A (n- ) = vrj_( ). On the other hand, we have 

^[^ix, V'±] = -{d^ri) ■ (n A - {d^n) A (n • V'x) 

= -{d^n) A {n ■ tp±) 

= -n-(nAa^V±), (49) 

and from the equivalence n ■ (nA ) = 7r|| ( ) it follows that 

\K,^±] = -{d,^±)ll (50) 

Also ^ 

df,n = --[Qf^n] (51) 

holds, since 

-[%,n] = -[0^,n_L] = -{d^,n±)\^ = -{d^,n)\\ = -d^n. (52) 
We used the obvious property that n = n± and, from relation n ■ 8^11 = it follows that 

{d^n)±_ = and d^n = {d^n)\y (53) 



Alternatively, ea. (|51|l follows from the definition of 0,^. Indeed, 

= -df,n. (54) 



;[0^,n] = -{nd^nn - nnd^n) 



From relations = "^[^/ijV'n] ^-^id = —^['^/i,i^±] we have 

(^mV'ii)ii = d^i'w - {d^ 
1 
2 



+ (55) 



and 



1 
2 



d^^^ + -[^^,^i_] (56) 



8 Covariant and Lie derivative associated with the differen- 
tial operator 

Consider the orthogonal component of the differential operator acting on the parallel 
component of the multivector tp G Cip^q: 

= 7f A(a^V|i)± + 7^^ A(a^vii)ii 

= 7f A (-^[17^,V'||]) + n A n'^(a^V|| + 

= 7^ A n A (n • d^ip\\) + n A n^S^^y = n A [y^{d^n ■ Tp\\) + n'^9^V||] 

= n A £nip\\ (57) 

where 

= n A (n • 7^) = nn^, 
7^ = 7^" - n A (n • 7^) = 7^" - nn>' (58) 

and £n is the Lie derivative along n. The expressions above are to be widely used in Sec. 
Defining the parallel component of the covariant derivative as 

z))lv^ii = a^V|i + ^[f^^,V'i|] (59) 



we have 



(dV'ii)ii = (7^Aa^^||)|| 

= 7f A(a^^||)||+7^^(5^V'||)± 

= 7f A(a^^|| + ^[17^,^||])=7f AZ^JlVii 



Therefore the relation = 7^* A dJI is immediately obtained. 

Now consider the parallel component of the differential operator acting on the orthog- 
onal component of the multivector ip £ Clp^qi 

= 7f(-l[17^,V.x]) (60) 
= n • [n A A d^n A (n • V'x)]) since n • = and n ■ {n ■ 'ip±) = 
= n ■ [n A {d^ A n) A (n • ■0±)] 

= 0. (61) 
Finally, for the orthogonal component of dip± we have 



(#±)± = (7''A9^V'±)± 

= 7f A(5^V±)±+7!^(9;.V'±)|| 



= 7f A {d^ij^ + ^[n^,i;i.]) + 7^: A (-i[0^, V;^]) 

But it is well known that 7!* A D^tp^ = 7^* A {d^ip±) + 7!* A ^['^^, ip±] and, from eas. H6U() 
and (jnU) it follows that, ji^^ {-^[^^„tlj±]) = 0. Therefore 

7fAa^V± = 7f A{a^[nA(n- V)]} 

= 7!* A [d^n A{n-7p) + nA d^{n ■ ip)] 

= -nA-f!^^ Adf,{n-iP) (62) 

But 

^[^}fj^,n ■ ip] = -n A {dfj_n ■ {n ■ ip)) + n ■ {d^n A {n ■ ip)) 

= —n A {d^n ■ {n ■ ip)) — (n ■ d^n){n • ip) + d^n A [n • (n • ip)] 

= —n A [d^n ■ {n ■ ip)) + d^n A [n A (n • ip)] (63) 

and then n A ^[^2^, n • "0] =0. Therefore it follows that 

7|'A(9^V± = -nA7|' A5/,(n- V) 

= -nA7f AZ)^(n- V) (64) 

Finally we have 

{dipiP)^ = -n A 71* A D^{n -ip) + nA £nn A (n • V±) (65) 
Using the definition of the operator tt± , we have 

£n['^±{ip)] = £n'n A {n ■ ip) + n A £n{'n ■ ip) (66) 



On the other hand we know that 

Xnin-ip) = n ■ d{n ■ tp) + d[n ■ {n ■ 

= £nn A {n ■ tp) + n A[n • d{n • ip)] 

= £n'n A (n • ■0) + n A {n • [d{n ■ il>) + n ■ (dtp)]}, since n ■ {n ■ dtp) = 

= i?„n A (n- ■0) +7r_L(£„'0) 

and therefore 

£n['^±W] = £nn A {n ■ ip) + n A £n{n ■ t/j) 

= £nn A {n ■ ip) + n A £nn A {n • ip) + n A Tr±{£ntp) (67) 

8.1 NecessEiry condition for = 

Since the Lie derivative V" G Clp^q calculated along n is given by 

£ndip = d{n • dip) + n • d{dip) 

= d{n ■ dtp) + d[d{n ■ tp)] 

= d£nip (68) 

and then d£n = £nd, it follows that 

£nd\iip = £n[n ■ (n A dtp)] 

= d.{£,iP) — £nn A (n • dtp) — n A £n{n ■ dtp) 

= d{£ntp) — n A {d[n ■ (n • dtp)]} — n A {n ■ d[d{n ■ tp)]} — £„n A (n • dtp) 
= d^^{£ntp) — £nn A (n • dtp) 

Therefore 

£nid\\tp) = c/||(i?„V) - ■^n" A (n • dtp) (69) 

showing that £n and commute if and only if i?„n = 0, or equivalently when the 
acceleration is identically null. 

9 Covariant and Lie derivatives related to codifferential op- 
erator 

Consider initially the parallel component S\\ of the codifferential operator S. We define 

JyV'll = (5^||)|| 

= -(^•V'li)!! (70) 

Prom the definition above we see that 

(S-V'ii)!! = (7^-9^V'||)|| 

= (7f •^/.V'||)|| + (7± •5mV'||)± 

= ^i;-{DltP\\)-n-(hn{n),tP\\]), (71) 



where Q{n) := n^^^ and the covariant derivative is given by = 5^V'|| + ^[^m'' 

On the other hand, 



[n(*V)±] = d\\ A (n-0||??) 



7|| A \d^,{n^\\ri) + -[VLi,,n^\\ri\ 



(72) 



But from relations 



= [17^,n]'0||7? + n[f7^,V'||]?7 
we obtain, using 8^1] = 0, the expressions 



(73) 



9|| A (★ii'i/'ii) = 7f A |^5^n)V'||r/ + n(a^V||)^+ 2[^M'"]V'||?/+ 2'^[^M'V'||]f? 

= ^['n{^^J.'^p\\)r] + ^n[n^,'il)\\]ri], since 5/,n = -^[17^^, n] 
= 7f A [n(L»jlV^)r/] 



n 
2 



= -n[7f •(dJV'ii)]/? 
Now the DHSO on the expression above is calculated: 

*^M5|| A (*||V^)] = r-i{-[(7f -^SHt?} 

= -f-^??[7f •(^S)]n = -n[(Z);V^j|)-7[ 

Comparing this last expression with ea.(|7T|l. we obtain 



(74) 



n 



(a-V||)|| = V|| -n- Q[17(n),^||] 



(75) 



(76) 



But as 



it follows that 



-n^^ln- [(a^n) • (n AV'ii)]} 
ni^iid^n) ■ [n- (n AV',,)]} 
£nn ■ ip\\ 



(77) 
(78) 



10 Equivalent dual decompositions 

We have defined from eq.© the a-grading given by 

a(^) = n'ipn~^ (79) 
Prom eqs. ((2131211), as 7/ G secAP+9(r^*M) and therefore r/^ = ±1, it can be seen that 

a('i/') = ml^n~^ 

= (^_l^M{p+q-l) ^^^-i (80) 

Therefore there is an equivalent decomposition of elements in Ctp^q: 

1. From the 1-form field n E sec T^M in the normal bundle given by 

a{ip)n '■= nipn'^ (81) 

or 

2. Via the field defined by the volume element r G sec Ap+'?~^(T*M) associated with 
cSp,g, where the decomposition (given by eo. 1)81(1 ) is now rewritten as 

a(V;)^ := (-l)IV'l(p+«-i)r'(/'r-^ (82) 

from eo. ipi)) . 

As decompositions given by a{tp)n and a(V')r are identical, it is immediate that the 
action of differential operators on such automorphisms are also equivalent. Indeed we 
explicitly calculate below the action of d : secA^'(T*M) — > sec AP"'"^(T*Af ) in each one of 
the decompositions given by eqs. ((79|) and (jHOJ: 

da{ij)n = dni^n-^ - nd^n"^ + (-l)l'^ln^(in-^ (83) 

da(V')r = {-l)W(P+i-^) {dn^n-^ - nd'4)n~^ - {-l)\^\ml)dn-^) (84) 

Now, the action of the codifferential operator 6 : secAP{T*M) — > sec A'P~^(T^M) in each 
one of the decompositions, considering dcp = •k~^d-k cp and *0 = cpr] (cp G Clp^g), is given 
respectively by 

(5a(V')n = *~^d-ka{ilj)n 

= -k~^d{ntpn^^ri) 

= -k^^{dn^^ tpnr] — n'^^ dip nrj — { — l)^'^^n~^ip dnrj} 

= (5{r]n%p{—dn~^)7] — r]n{—d'ip)n~^rj — {—l)^'^^7]{—dn)ipn^^ri} 

= -(-l)(P+'?-i) [3{ni:dn-^ + ndipn-^ + dn^jn-^} , (85) 



where the constant (3 := (— IV"!) arises from the property * ^ = (3-k, and by 
(5q(V')t = -k~^d-ka{ijj)r 

= ^''^ {dn^^ Tj^^ -ipn — n^^r]~^ d-ipn — (— l)''^ln~"^r/~"^^ dn} 

= I3{nipri~^ {—dn~^)ri — n{—d'il')r]~^n^^7] — { — l)^'^^r](—dn)'ipr]~^n~^r]} 

= {-l)M(P+i-^) p{-mpdn-^ + n#n-i - (-l)l'^ldn^n-i}. (86) 

Since the Dirac operator d is given hy d — 6, it fohows from eqs. (|83l Isll l85l l86|) . that 
(9(a('0)ri) = 5(a('i/')T) can be written as 

d{a{i;)n) = (1 + (-l)l^l/3A)dn -0 n'^ - n{d4^ - pA dip)n-^ + (/3A - (-l)l'^l )nV; dn-^ 

(87) 

where A := (-1)I'AI(p+9-i). ^pj^^ 

expression above can be straightforwardly written in the 
particular case of Minkowski spacetime as 

d{a{ip)n) = d{a{%b)r) = -2 (^{-l)^'^^nd^jn-^ + nV'dn"^) (88) 

11 /c- vectorial inner automorphisms 

Heretofore we treated inner automorphisms of Cip^q given by 

a(^)„ := ni^n-^ (89) 

where n £ T*M denotes a 1-form field. We can generalize these automorphisms, consider- 
ing more general automorphisms of Cip^q ~ secCi{M, g) generated by A;-form fields instead 
of 1-form fields, from definition 

a(^)(V') :=0(fc)V</'^4 (90) 

where G sec A^{T*M). The projector operators given by eqs.® can be generalized 
by expressions 

TTif ^(V') = + ^(k)i^^lk])^ W = - hk)^<^'^k)) (91) 

In the subsequent subsections we explicitly express a-gradings for all elements of C^i^s. 
Consider <f)^^'^ ^ ip, otherwise we have the trivial case a^^\tl^) = ip. In what follows 
consider 1 < i, j. A; < 3 distinct indices. 

11.1 Bivectorial inner automorphisms 

In this case the decomposition is defined by 

where (j)(2) S secA2(r^*M) is a 2-form field. We have the following cases (i, j, = 1, 2, 3): 



a) V e ^\T*M): 





0(2) 


a(2)(^) 

















eO 











e* 




















e' 

























b) V € K^{T*M): 





'^'(2) 


a(2)(^) 









































gOi 
































c) V e ^\T*M): 







a(2)(^) 

















eO/.; 


e" 


e"' 


e"" 





eO*i 




_eOii 







^123 




_ei23 





ei23 


gl23 




^123 


^123 






d) V e A^(T^M): 





0(2) 






vrf (^) 


^0123 




e0123 


^0123 






11.2 Trivectorial inner automorphisms 

Now the a-grading is defined by 

a(3)(V) := </'(3)V'0^35 
where ^(3) G secA^(T*M) is a 3-form field. 



a) V e ^\T*M): 





0(3) 


a(3)(^) 










6° 


6° 





eO 


ei23 







eO 


























ei23 




e* 






b) V e K^{T*M): 





hi) 


a(3)(^) 



















ei23 









e^i 
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e'-> 








c) e A^(T^*M): 





0(3) 


a(3)(^) 



















ei23 









gl23 




_gl23 





_gl23 



d) V e A^(T,*M): 





0(3) 








g0123 




_g0123 





g0123 



11.3 Tetravectorial inner automorphisms 

In this last case concerning A;-vetorial decompositions in C^i,3, the a-grading is defined 

by 

:= eoi23V'eoi23~"^ (94) 
where 69123 G sec Af^{TxM) denotes a volume clement field in M^'^ ~ T^M. All cases can 
be shown in the following table, for ijj G A^(T*M),i = 1, 2, 3: 







































This is clearly the case given by the grade involution a^^^t/j) = xf). 



11.4 Multivectorial inner automorphisms 



This case is simply the extension by Unearity of the inner automorphism defined in 
Subsecs. (HHU-imni), as 



6=1 

where a^^\ip) = a{ip)n = nipn~^. We can also express 



(95) 



(96) 



12 Dirac-Hestenes equation decomposition 

Hestenes approach to Dirac theory |31 ^ is based on the real Clifford algebra Cii^s, 
instead of the Dirac algebra C (8) Cii;s ~ 7W(4,C) used to formulate Dirac theory jHllE]- In 
such approach Hestenes asserts that a spinor field tp is an element of the even subalgebra 

^^1,3- 

Dirac equation can be written as [3] 



(97) 



(98) 



where il) = (V"!; V'2) V^Si "04)^ is a column- vector in C'*. In order to represent vectors, spinors 
and operators in a unique formalism, the Clifford algebra, column-spinors are substituted 
by square matrices jSl IS IHl- Using the standard representation of Dirac matrices, the 
idempotent 

/l o\ 

^ 1/-, ■ ^ 

J ^ »i\ ^ I A) 

\o oy 

is chosen in such a way that the spinor ■0 can be expressed as an algebraic spinor [THH]. 

M\ (ipi o\ 
02 
V's 

\V4 oy 

Since iif) = ^6162, the spinor $ is defined in C^i^3^(l + gq). 

The automorphism a{ilj) = eo0eo~^, given by eq.(j2I) in the particular case where 
n = SbqS'^ = eo, induces a Z2-grading in Cii^3, given by [TTl IT^ : 



tp2 



ga^(4,c)/~ (c®ai,3)/ 



span {1, ei, e2, e3, ei2, 623, esi, 6123} 

span {eo , eoi , eo2 , 603 , 6012 , 6023 , eo3i , 60123 } 



(99) 
(100) 



The subalgebra Cifr^ can be mapped in Ci^ 3 if elements of C£f^ are multiplied by eo- 
Indeed $ can be written as [H] 

$ = $0 + $1 = ($0 + $1)^(1 + eo) = ^($0 + ^leo) + ^($1 + ^>oeo). 



We immediately verify that <I>o = ^^i^o e $1 = ^oBq. Taking the real part of ea. (|97l) we 
obtain ^ 

The even component (associated with the graded involution) of the equation above with 
respect to the graded involution is the Dirac-Hestenes equation [31 : 

aV'eiea - mipeo = 0, i; e Cif r^. (101) 

The spinor field tp : M^'^ ^^13 is denominated Dirac-Hestenes spinor field (DHSF) 
which is an operatorial spinor, since it generates the observables in Dirac theory. A DHSF 
admits the canonical decomposition = \fP^w{^5P/'^)Rj denoting 65 = ieoeie2e3, 
if ipip / 0, where ^/p denotes a dilation, exp(e5/3/2) is a dual rotation, /? denotes the 
Yvon-Takabayasi angle ^1 and the bivector R, element of the group Spin+(1,3) ~ 
SL(2,C), is a Lorentz operator. 

Now, taking n = Se^S~^ e a = Se^'^S^^, where 5 is a unitary operator, it is immediate 
that 

= 1, = -1, [n,a] = 0, (102) 

and from the idempotent given by eq. (|98|) the idempotent ^(1 + n)^(l + a) can be con- 
structed. On the other hand, under an arbitrary a-grading it is well known that it is 
always possible to led Dirac-Hestenes equation fea. ()101() ) to the more general form given 
by HU 

di^a + m^n = V ^ (103) 

where dip = 'K\\{dip)n + 7r±{d'ip) and n is clearly a-odd, while a is a-even. 

Considering the automorphism a(^) = n'ijjn~^, it follows that given a spatial reference 
frame {n^,n2,n^} G T*I1 ~ M°'^ adapted to n := n° = S'e^S'"^, such automorphism 
induces a Z2-grading in C^i^a, given by 

C4,3 = span{l,n^n^n^n^^n2^n^^n^2^}, (104) 
ai^, = Span{n0,n0\n02,n03,n0i2,n023,n03i,n0i23}. (105) 

The 1-form fields n* G T^S are exactly the fields 7^ defined by ea. H58() . As in the case of 

the a-grading given by a{ip) = nipn~^ the parallel component Ci\ 3 of €£±^3 is given by 

C£\ 3 ~ C£o,3 — EI © H, and then it is immediate to see that the spinor field composing 
ea. (|103|) is generated by {P±, n^-^P-t}, where P± = ^(1 it n^^^) are idempotents spanned 
by central elements of C£o,3- Each copy IHI of H © EI ~ C^o,3 is respectively generated by 
{P+,n*-^P+} and {P_,n*-^P_}, and therefore the spinorial field t/j G Ci\ 3 with respect to the 
a-grading given by a{'ip) = n'ijjn~^ has the more general form given by 

ip = aP+ + bijn'^P+ + cP_ + dijP- G EI © EI ~ Cio,3 = cSl^, (106) 

where a, bij, c, dij are scalar functions with values in C. 



The possible values of o" € Cll 3 are given by the conditions in ea. (|lU2() . and according 
to the elements in C£\ 3 given by eq. (|1U4() it follows immediately that 

a = asn^^ ^ ^^^23 ^ ^^^^31 ^ gu(2), (107) 

where Oj G C, since from the condition cr^ = — 1 we have of + + = 1. Therefore a G 
SU(2) is a unitary quaternion. 

The parallel and orthogonal projection operators acting on the Dirac operator, in the 
case when the a-grading is given by a{tp)n = nipn~^ are defined by jJJ 

7r||(5) = TTii^a^) := 7r||(n'^)5^, 7rx(5) = 7T^{n^'d^) := Tr^K)^^. (108) 

We emphasize that n*^ = n. Then ea. HlU3() can be written as 

n^dkil^na + ndnipcr + mipn = 

Right multiplying the equation above by n it follows that 

n^dkipT + ndn'4'na + mip = 0, (HO) 

which is led to 

n^(9fcV + dnip = mipa (111) 

This is the Dirac equation with respect to the a-grading given by a{t(j) = n'ijjn~^, and 
motivated by spacetime decomposition. Spinor fields satisfying ea. Hlllj) are given by 
eq.dMl). 

13 Concluding Remarks 

An arbitrary Clifford algebra (AC) is split in a-even and a-odd components, related 
to a given inner automorphic a-grading, besides describing various consequences of this 
decomposition in the splitting of operators acting on the exterior and Clifford algebras, 
black hole. We use arbitrary AC a-gradings to generalize spacetime splitting in a su- 
perposition of infinite spacelike slices, each one in a fixed time. Such a decomposition 
consists of a local spacetime foliation. Based on a Z2-grading, induced by a inner auto- 
morphism of Cip^q, we decompose Dirac operator in parallel and orthogonal components, 
showing how each of these components is related to the Lie derivative along the splitting 
vector. Parallel and orthogonal projections are also introduced via inner automorphisms, 
induced by multivectorial fields. In this form we introduce another a-grading completely 
dual and equivalent to the a-grading a{^jJ) = mpn~^, V' G Cip^g, initially chosen. We have 
shown such dual a-grading is equivalent to the spacetime decomposition, but now in terms 
of the volume element associated with the a-even subalgebra. Dirac operator has been 
calculated in each of these dual decompositions. Multivectorial-induced decompositions 
are calculated for all elements of Cii^^. It can be shown that several symmetry break- 
ing mechanisms in quantum field theory can be emulated using our formalism, such as 
so(7) ^ so(6) ^ su(3) X u(l). 



(109) 



The Dirac equation for an a-grading, associated with spacetime sphtting via inner 
automorphisms, has been presented in a concise manner. Besides showing the Dirac spinor 
field is described by the direct sum of two quaternions, we have written Dirac equation, 
comparing our results with those recently obtained, also based on a-gradings induced by 
the standard, chiral (Weyl) and Majorana representations of C (8) Cii^s in A4(4, C) [TT] . 

We can show that relativistic kinematics and the evolution laws for the mass and spin 
of a test particle in the neighborhood of a Reissner-Nordstr0m black hole are described 
via the formalism of AC splittings. The next step is to obtain these laws for a Kerr Black 
hole, extending all field equations — based on Gauss-Codazzi equations and in the relation 
between AdSs bulk geometry and the geometry of the 3-brane ^Sl — and formalizing these 
concepts to investigate physical effects of extra dimensions |19| . in a sequel paper. 
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